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Abstract 

We continue the investigation of the correspondence between systems of conserva- 
tion laws 

u l = f( u )x, i = l,—,n 

and n-parameter families of lines (congruences of lines) in A n+1 defined by the equa- 
tions 

V l = u l y Q -f(u). 
Relationship between "additional" conservation laws 

h(u) t = g{u) x 

and hypcrsurfaces conjugate to a congruence is established. This construction allows 
us to introduce, in a purely geometric way, the Levy transformations of semihamilto- 
nian systems. Correspondence between commuting flows 

u' T =q l (u) x , i = l,...,n 

and certain n-parameter families of planes containing the lines of the congruence 
is pointed out. In the particular case n = 2 this construction provides an explicit 
parametrization of surfaces, harmonic to a given congruence. Adjoint Levy transfor- 
mations of semihamiltonian systems are discussed. Explicit formulae for the Levy and 
adjoint Levy transformations of the characteristic velocities are set down. 

A closely related construction of the Ribaucour congruences of spheres is discussed 
in the Appendix. 

Subj. Class.: Differential Geometry, Partial Differential Equations. 
1991 MSC: 53A25, 53B50, 35L65. 
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1 Systems of conservation laws. Equations for the con- 
served densities 



We consider systems of conservation laws 

ui = f(u) x =v^u)ui, v) = ^-. (1) 

Eigenvalues X 1 of the matrix are called the characteristic velocities of system (|l]). In 
what follows system ([l]) is assumed to be strictly hyperbolic, so that A* are real and 
pairwise distinct. Let £j= (it), £f( n ))* be the corresponding right eigenvectors: 

v £j= A* £j, or, in the components, vf, ^ = X 1 £|. 

We denote by Lj = £f the Lie derivative along the vector field and introduce com- 
mutator expansions 

[Li, Lj] = LiLj — LjLi = Lk, 
where c& are certain functions of u. Let 

= g(u) x 

be any conservation law of system ([j]) . Its density h and flux g satisfy the equations 

dg dh s 

Contraction with £j= (£*, ...,£")* results in 



dg k _dh_ k 



or 

Lig = X l Lih, i = l,...,n. (2) 

Equations (||) are the defining equations for the conserved densities h and the correspond- 
ing fluxes g. The compatibility conditions of @ are of the form 

Li(Ljg) - Lj(Lig) = c k jL k g, 

or, taking into account (|2|), 

Li{X j Ljh) - Lj^Lih) = c\j\ k L k h. 
This results in the following linear second-order system for the conserved densities h: 

LiL.h = Uh + Ljh + 4 \ Lfc/i, i ^ j. (3) 

A-? - A 1 A 1 — A J y A 1 — A J v ; 

In particular, /i = v},...,u n satisfy (||). It should be pointed out that in the generic 
situation (to be more precise, in the case c k j ^ for any i ^ j ^ k) the overdetermined 
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system (|3|) possesses at most finite-dimensional linear space of solutions. In what follows 
we will make use of the equations satisfied by the ratio (p = f , which can be obtained by 
rewriting (^) in the form 

Li{ip h) = X i L { h, 

or, equivalently, 

Li l nh = J^. (4) 

X 1 - if w 

The compatibility conditions of (||) imply the following nonlinear second-order system for 



(5) 



Jt A ,; -A fc <f>-X> 



L k (p. 



Formula (|j) establishes an equivalence between the linear system (|3|) and the nonlinear 
system (||). The ratio ip = f naturally arises in projective differential geometry (de- 
scribing surfaces conjugate to a congruence - see sect. 2), and in the Lie sphere geometry 
(parametrizing Ribaucour congruences of spheres - see the Appendix). 

2 Commuting flows 

System of conservation laws 

< = q\u) x = W){U)U{, Wj = ^-r, (6) 



is called the commuting flow of system (|l|), if u\ T = u l Tt , or, equivalently, 

\ dui du k Ux j x \ dui du k Ux ) x ' 

Equating the coefficients at u xx , we arrive at the commutativity of matrices v = Vj and 

w = w l j. Thus, they possess coinciding eigenvectors £j. Let fi % be the characteristic 
velocities of system (g) : 

According to sect.l, conserved densities h of system @ satisfy the equations 

L iLj h = Uh + Lj h + 4 ^4 Lkh - W 

Since both systems (|3|) and (0) share a common set of n functionally independent solutions 
h = u , ...,u n , their coefficients must coincide identically (if this were not the case, there 
would be a first-order relation between L^h, contradicting the functional independence of 
u 1 , ...,«"). Thus, 



y? - /i 4 \3 - X 1 



for any i ^ j, (8) 
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and 

In this form equations governing commuting flows of system (||) have been set down in 

If ra = 2, equations (||) are absent. Let us consider the case n = 3 and assume that 
at least one of the coefficients Cy (with three distinct indices i,j,k) is nonzero. Then 
equations @ imply 

// = X i b - a 

for appropriate b and a. Substitution of this representation in (||) implies, however, that 
a and b must be constants, so that the commuting flow is trivial. Hence, for n = 3, only 
systems with zero Cy (for distinct i, j, k) may possess nontrivial commuting flows. 

Similarly, in the case n > 3, the presence of "sufficiently many" nonzero coefficients 
Cy prevents the existence of nontrivial commuting flows. 

3 Diagonalizable systems of conservation laws 

Let us assume that all coefficients Cy (with distinct i, j, k) are zero. In this case one can 

normalise eigenvectors £j in such a way that the Lie derivatives Li will pairwise commute: 
[Li, Lj] = 0, so that the remaining coefficients c|- will also be zero. The commutativity of 
Lj implies the existense of the coordinates i? 1 (u), ...,R n (u), such that Lj become partial 
derivatives: 

Li = di = d/dR\ 
In the coordinates R 1 equations (p]) assume diagonal form 

R\ = \\R)R i x: i = l,...,n. (10) 

Variables R 1 are called the Riemann invariants of system (||). Systems (||), possessing 
Riemann invariants, are called diagonalizable. Let 

U t = fx 

be a conservation law of system (|l0|) . In the diagonalizable case equations @ assume the 
form 

dif = X l diU, i = l,...,n, 
while system (||) for the conserved densities u simplifies to 

didjU = dij diU + ciji djU, i ^ j, (11) 

where aij = t^tt» • The compatibility conditions of system (|llj) are of the form 

d k atj = a ik a kj + ay a jk - ay a ik , i / j / k; (12) 

they must be identically satisfied if we want system (|TTj ) to possess n functionally inde- 
pendent solutions u = u 1 , ...,u n . In fact, conditions ([y) imply the existence of infinitely 
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many conservation laws parametrized by n arbitrary functions of one variable. Systems 
( |To| ) satisfying (|l2| ) are called semihamiltonian. We refer to [|l4|], [13] for further infor- 



mation concerning integrability, differential geometry and applications of semihamiltonian 
systems of conservation laws. Semihamiltonian systems possess infinitely many commuting 
flows 

R\ = // Rl 

with the characteristic velocities // governed by the equations 



l<J - //' A' - A' 



We point out that any semihamiltonian system possesses infinitely many different 
conservative representations. 



4 Systems of conservation laws and line congruences. Hy- 
persurfaces conjugate to a congruence 

With any system of conservation laws 

u\ = f(u) x 

we associate an n-parameter family of lines 

V 1 = u 1 y° - /*(«), 

(13) 

y n = u n y _ jn( u ^ 

in the (n + l)-dimensional space A n+1 with the coordinates y ,?/ 1 , ■ ■■,y n - We refer to Q, 
for motivation and the most important properties of this correspondence. In the case 
n = 2 we obtain two-parameter family of lines, or a congruence of lines in A 5 . From 
the beginning of the 19th century theory of congruences was one of the most popular 
chapters of classical differential geometry - see e.g. ||. We keep the name "congruence" 
for n-parameter family of lines (|i~3[). Any congruence possesses n focal hypersurfaces 
rj, i = 1, ...,n, with the parametric equations 

FI= (y°,y\ ...,y n ) = (V, u 1 A i - / 1 } ...,«»A i - f n ) ; 

here A , ...,A" are the characteristic velocities of system (|l|) - see ]l]], [Q]. A line ( ]l3| ) is 
tangent to in the point with y° = X 1 . Let us consider a hypersurface M n with the 
radius-vector r parametrized as follows: 

7=(y°,y\...,y n ) = ^, u\ - f l , ...,u n <p - f n ) ; (14) 

here (p{u) is an arbitrary function which is assumed to be different from A 1 so that M n is 
not focal. A line (^) meets M n in the point with y° = ip. Obviously, any hypersurface 
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M n G A n+l can be parametrized in the form (|14|) for an appropriate function <p. We say 
that hypersurface M n is conjugate to congruence if and only if 

LiLj ~re TM n for any i / j. 

Geometrically, this means that the developable surfaces of congruence 

(U) meet M n m 

the curves of a conjugate net. In 3-space the notion of conjugacy between a surface and a 
congruence was introduced by Guichard (see Q, chapter 1; ||]). 

Theorem 1 Hypersurface ( jl^ j is conjugate to a congruence if and only if ip is repre- 
sentable in the form ip = |, where ht = g x is a conservation law of system (J7[). 

Proof: 

The tangent space of M n is spanned by the vectors 

Lj 7= (Ljtp) U +(ip - X j )Lj U, 
where U denotes the (n + l)-vector (1, it 1 , u n ). Hence, 

Lj U= LjLp U mod TM n . 

\3 — if 

Let us compute LiLj r : 

LiLj 7= (LiLjtp) U +{L j ip)L l U +L,(v? - X^Lj U +(<^ - X j )LiLj U . 
Inserting here LjLj U from (|3|) and keeping in mind (|l6l), we arrive at 
Li^- 7= (L,L iV p + L jlf ^ + L,,(<^ - A^)i^ + 

(^-^)(Slft + ^ + 4M^))U mod TM n . 

Hence, LjLj r e TM n if and only if the coefficient at U vanishes. The resulting system 
for ip identically coincides with (|5[). 

Thus, hypersurfaces conjugate to a congruence (|l^) are parametrized by conservation 
laws of system (||). According to Q, two hypersurfaces conjugate to one and the same 
congruence are said to be in relation F (or related by a Fundamental transformation). 

Remark 1. The case (p = X 1 requires a special treatment. In this case M n coincides 
with the i-th focal hypersurface of a congruence. A direct computation shows that the i-th 
focal hypersurface is conjugate to a congruence if and only if c* fc = for any j,k ^ i (i is 
fixed!). This is equivalent to the existence of a function R l {u) (called the i-th Riemann 
invariant) such that 

jyi \i r>i . 

U t — A U x> 

in particular, all focal hypersurfaces are conjugate to a congruence if and only if system 
(PI) possesses n Riemann invariants. The proof and some further details can be found in 
0, see also Q. 
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(15) 
(16) 



Remark 2. If conservation law h t = g x is a linear combination of conservation laws 
(H), hypersurface M n degenerates into a hyperplane (which is automatically conjugate 
to any congruence). Thus, only "additional" conservation laws give rise to nontrivial 
conjugate hypersurfaces. 

Remark 3. Conjugate hypersurfaces always appear in 1-parameter families since, for 
a fixed density h, one can add a constant c to the flux g. The corresponding family of 
conjugate hypersurfaces r c determined by <p c = -^- c forms a parallel family, that is, the 

directions Li r c are independent of c. This immediately follows from (|l5l), since the ratio 
L,r - — does not depend on c. 



5 Surfaces harmonic to a congruence 

In this section we consider 2-component systems of conservation laws 

u t = fxi 



u t —fxi 

and the associated congruences of lines in A 3 : 

y l = u 1 y° - f 1 



(17) 



y = u 2 y u - / 

Let 



2 ,:> r2 (18) 



n 2 = a 2 1 j 



be a commuting flow of system ( |i~7| ) . In Riemann invariants R l , R 2 (we point out that any 
two-component system is diagonalizable) equations ([D]) and ( ^9[ ) assume the forms 



i?4 — A 1 Rl, 

and 



d2 _ i2 p2 
K t — A U x' 



R T — /i 1 R x 
R 2 . = fx 2 R 2 



respectively. The densities u = (u ,u 2 ) and the fluxes / = (/ , / 2 ), q = {q l ,q 2 ) satisfy 
the equations 

dif = X 1 diU, diq = // diU, i = l,2. 

With the commuting flow (|l9|) we associate 2-parameter family of planes in yl 3 defined by 
the equations 

yl-„V + / l y 2 - U 2 yO + / 2 



r/ 1 



(20) 



The family of planes (^Tj) has the following remarkable properties: 

1. Each plane tt from family (2C ) contains a line I of congruence ftT^). 



2. The congruence of lines l\ = 7rn<9i7r is conjugate to the focal surface t\ of congruence 
To). Similarly, the congruence of lines I2 = vr n is conjugate to v^- Lines l\ and I2 
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are called the characteristics of plane it. Characteristic l\ (resp, I2), meets the line I in 
the point of tangency of I with the focal surface ri (resp, T2). 

The proof follows from the explicit parametrization of congruences l\, 1%: 

Congruence £1 



y 



- 2 - £ y° 



Congruence I2 



X 1 q 2 



U 



1 _ A 2 ? 1 



\ 2 q 2 



y 2 = (u 2 -^) r 

Obviously, the line l\ passes through the point 

(y°,y\y 2 ) = (x\ u'X 1 - f\ - f) 

of the focal surface ri. Similarly, the line I2 passes through the point 

(y°,y\y 2 ) = (\\ u l \ 2 - f l , u 2 A 2 - f) 

of the focal surface Y2- The point of intersection l\ n I2 € tt has the coordinates 

„o _ AV-AV 



^VdV ,,1 + A 1 -A 2 1 -1 



(21) 



I ■ i ti Z H - — i 9 



and sweeps a surface in ^4 3 . By a construction, surface (|2"T|) is the envelope of the family 



of planes (20). It has the following geometric properties: 



1. Each tangent plane tt of surface (21) contains a line I of congruence (]Tq). By a 
construction, it and I € it correspond to the same values of parameters B},R 2 . Thus, one 



can speak of the correspondence between lines (\lq) and points of surface ( 21 ) 



2. The net R l ,R 2 on surface (21) is conjugate. In other words, developable surfaces 



of congruence ffi\ ) correspond to a conjugate net on surface (21). 

Surfaces, satisfying the properties 1, 2, are called harmonic to congruence ( |l8| ) - see 
Hi, p. 251. Formulae ( ^H) provide an explicit parametrization of surfaces, harmonic to 



congruence (18), by commuting flows of system (|17|). Conversely, any surface harmonic to 
congruence (18) is representable in the form (|2l|). 



6 Levy transformations of semihamiltonian systems 

Let us consider semihamiltonian system ( |To|) in Riemann invariants: 

R\ = A* (12) Ri, i = l,...,n. 
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Conservation laws 

u t = fx 

of system ([!(]) satisfy the equations 

dif = X 1 diu, i = 1, ...,n, 

didjU = dij diU + dji dju, i ^ j. 
Let us choose particular conservation law 

h = g x 

of system (^) and introduce new variable U by the formula 

o a h 

where a is fixed. Transformations of this type originate from projective differential ge- 
ometry of conjugate nets and are known as the transformations of Levy [12], pC| ], p. 94, 



H], chapter 1. In paper |4J transformations of Levy have been identified with the vertex 
operators of the multicomponent KP hierarchy. Their geometric interpretation will be 
clarified in the second half of this section. We will refer to ( p2|) as to the transformation 
of Levy C a . A direct calculation shows that U = C a (u) satisfies the equations of the same 
form as u: 

didj U = A.jdiU + Ajidj U (23) 
where the new coefficients A = C a (a) are given by the formulae 

Aij = ciij + dj In ^1 — , i ^ a, j is arbitrary. 

Transformations C a can be pulled back to the transformations of the corresponding hy- 
drodynamic type systems: let us introduce the system 

F&r = A* (12) B* x , i = l,...,n (24) 

with the characteristic velocities 



A a = 2- 



— -n-T i T a. 



Theorem 2 Conservation laws 

U T = F X 



(25) 



of system (24), (21) are the C a -trans forms of conservation laws 

ut = fx 
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of system (1C): 

U = C a (u) = u - d a u, 

F = C a {f) = f--fcd a f. 
Formally, the proof of this theorem follows from the identities 

4 ' lJ A-? — A* 

which can be verified by a direct calculation. Geometric constructions underlying these 
formulae will be discussed below. System (|24|), (p5|) will be called the /^-transform of 
system (|To|). Obviously, transformations £ a preserve the semihamiltonian property. 

We also include Levy transformations of the Lame coefficients hi defined by the for- 
mulae 

dj In hi = CHj, j / i. 
The £ a -transformed Lame coefficients are given by 

TJ !, h 



a. 



One can check directly that 

djlnHi = Aij, j^i. 

Levy transformations of hydrodynamic type systems in Riemann invariants are closely 
related to the transformations of Laplace discussed recently in 0], [11]. We recall that 
Laplace transformation S a p of system (O) is defined by the formula 

U = S a p(u) = u- ^— , 

ap a 

where both indices a ^ (3 are fixed. Laplace transformations also induce transformations 
of the characteristic velocities A* , the explicit form of which has been set down in ]7| . One 
can check directly that the Levy transformation C a of system ([R]) is related to its Levy 
transformation Cp via the Laplace transformation S a p' 

£>a = S a p ° Cp. 

To clarify geometric picture underlying transformations C a we choose an arbitrary 
conservative representation 

4 = fi 

of system ([R]) and introduce the associated congruence 

y 1 = ""V - f l , 

y n _ u n y _ 
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Let M n be hypersurface conjugate to this congruence. Following sect. 3, we represent the 
radius-vector r of M n in the form 



(y, nV-/ 1 ,-, u n <p-r) 



9 

where ht = g x is a conservation law of system (JlO|) . Coordinate system R R n on M n 
is conjugate, so that 

didj re TM n for any i ^ j. 

Let us introduce a new congruence, formed by the tangents to the i? a -curves on hyper- 
surface M n . Parametrically, its lines can be represented in the form 

7 +t d a 7, 

or, in the components, 

y° = tp + t d a tp, 

y" = u n (p _fn + t + _ \^)d a u n ). 



Inserting t = v d £ in the last n equations, we arrive at the new congruence 

y 1 = U 1 y°-F 1 , 

y n = Jjn y _ pn^ 



(26) 



where 



Since 1|P r A = — -J^r, these formulae can be rewritten in the form 

Oaf o a n, , 

U = u- d a u, F = f - d Q f. 
o a h d a g 

Congruence (^) will be called the /^-transform of the initial congruence. The corre- 
sponding system of conservation laws 

Uf r = F i x 

has the same Riemann invariants R 1 , ...,R n : 

R)p = A 1 Ry) 

where A* can be computed as follows: A* = diF/diU . A direct calculation results in 
formulae (25). Note that the final expressions for A* do not depend on the particular 
conservative representation u\ = /* of system (|iO|) . If, for M n , we choose any of the focal 
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hypersurfaces of the congruence (which are all conjugate to a congruence if the system 
possesses Riemann invariants), the above construction gives transformations of Laplace. 

Formula (|2^) shows that the density u = h belongs to the kernel of the Levy trans- 
formation C a . Nevertheless, transformations C a can be explicitely inverted, as we will 
demonstrate in the next section. 

Let us conclude with the formula for the composition of the Levy transformations 

£ = C n o ... o L2 o L\ 

corresponding to n particular linearly independent conservation laws h\ = g\, i = 1, n 
of system (|lO|). The composition is understood as follows. Let ut = f x be an arbitrary 
conservation law of system (|To|). First of all, we apply to ut = f x transformation L\, 
corresponding to the first conservation law h\ = g~. Secondly, we apply to the result of 
the first step transformation £2, corresponding to the £i-transform of conservation law 
hf = g 2 x . Proceeding in this way, we obtain the /^-transformed density U = C(u) and the 
flux F = C(f) in the following compact form: 



U 





t 


u d\u 


... d n u 


\ 


det 




h 1 


... d n h l 










V 


h n dih n 


... d n h n 


I 






1 d^ 1 ... 


dnh 1 \ 




det 












\ d!h n ... 


8 n h n j 





F 





( f 


dif ■ 


■ dnf \ 


det 


g 1 


dig 1 . 


■ dug 1 




{ g n 


dig n . 


■ d n g n j 





( d l9 l . 


• dng 1 \ 


det 








{ dig n • 


■ d n g n ) 



(27) 



Geometrically, the composition C n o ... o £ 2 £-1 corresponds to the following construction 
(compare with ||, p. 255-256): choose an arbitrary conservative representation 

4 = ft 

of system (^) and introduce the corresponding congruence ([l3|): 

y l = u'y - f. 



Let Mi, i = l, ...,n, be n hypersurfaces conjugate to congruence (13). According to sect. 2, 
they are parametrized by n particular conservation laws h\ = g x of system (10). Let TMj 
be the tangent hyperplanes of hypersurfaces Mj in the points of intersection with line (13). 
The intersection 

TMx n ... nTM n 



defines a new line 

one can check directly, that the formulae for U = U % and F = F l coincide with (p7|). 



7 The adjoint transformations of Levy 

We again consider semihamiltonian systems ( |lO| ) 

R\ = \\R) R x 
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with conservation laws 

u t = fx 

satisfying the equations 



dif = X 1 diu, 
didju = aij diu + aji djU, 



where = A /_ A , ■ Let 



R\ = rf(R) K (28) 

be a commuting flow of system (|10|) : 

d jl - a 

A A U IJ • 

[1? — \l % 

Let q be the flux of density u, corresponding to this commuting flow: 

Ut = Qx- 

The flux q and the density u satisfy the equations 

diq = // diii. 
Let us introduce new variable U by the formula 

U = u-^-, (29) 



where a is fixed. We will refer to ( p9[ ) as to the adjoint transformation of Levy C* a . A 
direct calculation shows that U = C* a {u) satisfies the equations of the same form as u: 

didjU = A lj d i U + AjidjU 

where the new coefficients A = jC^(a) are given by the formulae 

A ai = a ai + <9jln^-, i ^ a, 

A^ = + dj In (l — jj^^j , i ^ a, j is arbitrary. 

Transformations £* can be pulled back to the transformations of the corresponding hy- 
drodynamic type systems: let us introduce the system 

W r = K i {R)R i x , i = l,...,n (30) 

with the characteristic velocities 



A - ' 

A = — a 1 T a. 



(31) 
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Theorem 3 Conservation laws 

U T = F X 



of system (3C), (31) are the C^-trans forms of conservation laws 

Ut = fx 



of system (1C): 



U = C* a (n) = u-^, 



F = £* a (f) = f 

Formally, the proof of this theorem follows from the identities 



8iF = A 1 diU, An 



A3 - A i 



which can be verified by a direct calculation. Geometric constructions underlying these 
formulae will be discussed below. System pOj), (|3l|) will be called the £* -transform of 
system (|To|). Obviously, transformations £* preserve the semihamiltonian property. 
We also include C* a -transforms of the Lame coefficients hi defined by the formulae 

dj In. hi = Oij, j / i. 

The C* a -transformed Lame coefficients are given by 

H — h 9a ^ a 
±j -ol ft a ..a 5 



a. 



H i = hi (l-f), i± 
One can check directly that 

djhxHi = Aij, j^i. 
Transformations £* and the Laplace transformations S a g satisfy the identities 

To clarify geometric picture underlying transformations £* we choose an arbitrary con- 
servative representation 

< = fx 

of system ([R]) and introduce the associated congruence 

y 1 = «V - f 1 , 

y n = u n y _ 



Let 
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be a commuting flow of system (|10|) with the characteristic velocities fj,, so that 

diq = // diU, 

(the last identity holding for any q = q k , u = u k ). Let us introduce n-parameter family 
of 2-planes in A n+1 defined by the equations 

^-nY + Z 1 ^ ^ y n - u n y° + f n 

q i ■■■ g n { > 

The family of planes (^) possesses the following three important properties: 

1. Each plane tt from family ftSSq) contains a line I of the initial congruence. 

2. Each plane ir intersects the plane diir along a line Zj. - 



li = 7T n d. 



in, 



(we point out that two planes in A n+1 do not necessarily intersect along a line unless 



n = 2). Geometrically, this property implies that each 1-parameter subfamily of (3i), 
specified by fixing the values of R h ,k ^ i, envelopes a developable surface in A n+1 . Lines 
li, i = 1, ...,n, are called the characteristics of plane it. 

3. Congruence li is conjugate to the i-th focal hypersurface 



of the initial congruence I. 

Conversely, one can show that any n-parameter family of 2-planes satisfying the prop- 
erties 1 - 3 is necessarily of the form ( |32"| ) for an appropriate commuting flow u\ = q l x . 

Congruence l a will be called the C* a -transform of the initial congruence I. A direct 
calculation shows that l a is representable in the form 

y 1 = U 1 y°-F 1 , 

y n = jjnyO _ pn^ 



where 



U 1 = u 1 - ^- F 1 = f 1 - ^ 



a 5 



Tjn _ ,,n _ pn _ fn _ A Q q" 

u — a ^a, ± —J ^ a , 

(compare with Theorem 4). Line l a meets the focal hypersurface r a in the point 

(a q , u l \ a - f\...,u n X a - f n ) . 
The corresponding system of conservation laws 

U^ = F X 

has the same Riemann invariants R 1 , ...,R n : 

R T = A* R x , 
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(in fact, this is the analytic manifestation of the above property 3), where the transformed 
characteristic velocities A* = diF/diU coincide with (31). Note that the final expressions 
for A* do not depend on the particular conservative representation u\ = f x of system (10). 

Obviously, the inverse transformation l a — > I is the transformation C a of Levy. Indeed, 
l a is conjugate to hypersurface r Q , while the initial congruence I consists of the i? a -tangents 



to hypersurface r a . Thus, transformations of Levy C a are the inverses of L\ 
demonstrated analytically as well: 
Let us consider a system 

pi \i T)i 

Itj- — A lt x 

along with its Levy transform C a defined by formulae 
(^4j) , (p5|) possesses commuting flow 



This can be 



5|). The transformed system 



i 



Oiah — d a h' 



i 7^ a, 



(which can be obtained by a shift g — > g + 1 in formulae (|25D). Applying to the transformed 
system ( p5| ) transformation £* (generated by the above commuting flow), we return 
to the initial system 

jyi \i rri 

lit — A tx x . 



Conversely, let us consider transformation £* . The transformed system 
conservation law 

riT = gx, h = — , g = — 



possesses 



(which can be obtained by a shift q — > q — 1 in formula (2£)). Applying to (|30|), ( pT| ) 
transformation £ Q (generated by this particular /i), we also return back to the initial 
system. 



8 Appendix: Ribaucour congruences of spheres 

Let M n be a hypersurface in the Euclidean space E nJrl parametrized by coordinates 
u , u n . Let r and n be the radius- vector and the unit normal of M n , respectively. The 
Weingarten formulae 

d n ,-,.<?"? 

define the so-called Weingarten (shape) operator of hypersurface M n . Its eigenvalues 
and eigenvectors are called the principal curvatures and the principal directions of M n , 
respectively. Let us consider a hypersphere S of radius R and the centre r —R n, which 
is tangent to M n at the point r . Specifying R as a function of u, we obtain n-parameter 
family of hyperspheres (or a congruence of hyperspheres) enveloped by hypersurface M n . 
Let M n be the second sheet of the envelope. Clearly, there exists a point correspondence 
between both sheets M n and M n : a point p € M n corresponds to p £ M n if p and p are 
the two points of tangency of one and the same hypersphere from the family S(u). 

Definition. Family of hyperspheres S(u) is called the family of Ribaucour if the 
principal distributions of M n correspond to the principal distributions of M n . 
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Let us introduce the system of hydrodynamic type 



4 = w){u) 4, (33) 

where w l j is the Weingarten operator of M n . We refer to |§| for the general discussion of 
the correspondence between hypersurfaces and systems of hydrodynamic type. Let 

h(u)t = g(u) x 

be a conservation law of system 



Theorem 4 Congruence S(u) is the congruence of Ribaucour if and only if R(u) is rep- 
resentable in the form 

h{u) 



R{u) 



9(u) 



for some conservation law of system (35). 



In the case n = 2 this result (stated in a somewhat different form) can be found in 
P|. It should be emphasized that this theorem equally applies to hypersurfaces which do 
not possess a curvatute-line parametrization (for n = 2 such parametrization is always 
possible). We hope to present the details elsewhere. 
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